, "High-precision terahertz frequency modulated continuous wave imaging method using continuous wavelet transform," Opt. Eng. 57(2), 023108 (2018) Abstract. Inspired by the extensive application of terahertz (THz) imaging technologies in the field of aerospace, we exploit a THz frequency modulated continuous-wave imaging method with continuous wavelet transform (CWT) algorithm to detect a multilayer heat shield made of special materials. This method uses the frequency modulation continuous-wave system to catch the reflected THz signal and then process the image data by the CWT with different basis functions. By calculating the sizes of the defects area in the final images and then comparing the results with real samples, a practical high-precision THz imaging method is demonstrated. Our method can be an effective tool for the THz nondestructive testing of composites, drugs, and some cultural heritages.
Introduction
Terahertz (THz) imaging, as a kind of nondestructive, noncontact, and nonionization imaging technology, has shown a great potential in the detection of some special materials. 1 Since THz could penetrate many nonmetallic materials that are opaque in the scope of infrared and visible, it is not as radioactive as X-rays or attenuating fast like ultrasound, which is used extensively to detect the defects of air hole inside the heat shield in the field of aerospace. [2] [3] [4] The heat shield is made of the composite material that traditional detection method such as ultrasonic and infrared cannot penetrate while THz imaging could provide the hidden information of such materials. In addition, although X-ray has strong penetration, it cannot distinguish chemical information of the composite materials. With the structure of material becoming more and more complex, the need for high precision imaging in various noisy environments has increased. Therefore, in order to meet the requirement of application, our article aims to apply a new frequency modulated continuous wave (FMCW) THz imaging method combined with the continuous wavelet transform (CWT) to achieve high-precision imaging and quantization of the internal defects inside the heat shield. In the aspect of imaging, the FMCW interferometry, which was used in electronic radar half a century ago, has been successfully introduced into optics in recent years. But until now, it is still not widely used in the field of THz imaging. Compared to the traditional time-domain spectroscopy system used for THz imaging, the system using FMCW reduced the requirement of response to the signal reception due to that the signal measured was the beat frequency with a lower frequency, 5, [6] [7] [8] [9] and it indeed enhanced the measurement accuracy. Unlike single-frequency detection, FMCW can obtain the three-dimensional information of the object rather than a single plane. In the aspect of algorithm, the CWT is often used to decompose the function of continuous time into wavelet. Compared with the Fourier transform, the CWT can handle the time-frequency signal very well. 10, 11 Therefore, it is very efficient in complex information processing, such as edge and corner detection. The CWT is also very resistant to noise in the signal. In our study, we first manufacture a heat shield containing artificial air defects with various sizes. Then, the THz FMCW system that we proposed is used to perform a preliminary scan of the heat shield. After that, the CWT with three different basis functions is applied to deal with the raw data. Finally, the result images can be obtained by the normalization of the transformed wavelet coefficients. Observing the results of their transformations and comparing the images of defects with the actual sizes, this high-precision imaging method could be verified. Therefore, we could make the conclusion that combining THz FMCW and the CWT is a practical high precision imaging method. We believe that the advocated method can promote the development of THz applications.
Theory

Terahertz FMCW Theory
THz FMCW has many common features with the traditional optical FMCW on its basic principle. 9 It is generally accepted that the characteristics of the optical FMCW can be applied to the THz band. 12 According to the theory of FMCW, if two beams of THz wave are from the same source, then they interfere each other with experiencing a different optical path. Therefore, the intensity of the interference field can be expressed by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 6 3 ; 5 3 4 IðΔL; tÞ
where ΔL is the optical path difference, V is the relative light intensity, I 1 and I 2 are the amplitudes, φ 0 is the initial phase, and f b is the beat frequency. The beat frequency of the interference signal is obtained as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 6 3 ;
According to the formula above, we can easily get the relationship f b and ΔL, furthermore, the IðΔL; tÞ is also can be obtained through Eq. (1). Thus, we get the conclusion that by measuring the beat frequency f b (Fig. 1) , the position and the reflected light intensity of the target can be calculated. 13 
Continuous Wavelet Transform Algorithm
In mathematics, a CWT is used to divide a continuous-time function into wavelets.
14 Unlike Fourier transform, the CWT has the ability to construct a time-frequency representation of a signal that offers very good time and frequency localization, 10 and it is possible for CWT to detect singularities in a signal by using an appropriate basis function ψðtÞ. Based on the formula of the wavelet, the CWT of the signal fðtÞ is as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 6 3 ; 2 1 3 W f ða; bÞ ¼
The ψðtÞ is a continuous basis wavelet function in both the time domain and the frequency domain. The a is the scale factor and the b is translation value.
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In this research, the CWT is chosen for signal processing, which can provide a better scale selection. 15 The CWT is also continuing to the displacement, during which the analysis wavelet is smoothly moved across the values of the signal.
In our experiment, we analyze and process the signals by using a variety of the basis wavelet function ψðtÞ.
Generally, in order to reduce the computational complexity of signal, the chosen following wavelet functions need to be symmetry and all have simple expressions that are very suitable for the THz signal. Furthermore, they can be continuously differentiated and frequently used in signal identification. Therefore, these three basis wavelet functions are substituted into the equations for the processing of THz-reflected signals (Fig. 2) .
(1) Morlet wavelet: the Morlet wavelet is suitable for continuous analysis. There is no scaling function associated with the Morlet wavelet, and its mathematical expression can be expressed as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 3 2 6 ; 6 1 1
(2) Gaussian wavelet: Gaussian function is a very common function and the derivatives of each order form a wavelet family. Its mathematical expression can be expressed by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 3 2 6 ; 5 1 9
(3) Mexican hat wavelet: this wavelet is proportional to the second derivative function of the Gaussian probability density function. The wavelet is a special case of a larger family of the derivative of Gaussian wavelets. It can be expressed as:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 3 2 6 ; 4 2 9
3 Experiment A THz FMCW probe is employed to produce THz signals and accept beat frequencies. [16] [17] [18] The working principle is shown in Fig. 3(a) , where f1 and f2 constitute a focusing lens system, S is the source, ADC is an analog-to-digital converter, VCO is the voltage controlled oscillator, and D is the heterodyne detector. While it is working, the VCO is driven by the ramp generator to produce a signal that sweeps period (T m ¼ 240 μs), and the sweep range is ∼13 to 14 GHz. This signal is multiplied by the light source S, whose sweep range reaches 0.23 to 0.32 THz (Δω ¼ 90 GHz). As for receiving the beat frequencies, a Schottky mixer is used as D. The reflected signal of the object and the delayed transmitted signal are mixed, the mixed signal is transmitted to the ADC and then is input to the data processing unit. The biggest reason for using this probe is completing the spectral work by the directional coupler, to avoid unnecessary optical devices (reflectors splitters and so on). The output power of this probe is 0.1 mW. 19 In the experiment, we made a heat shield with six air holes as the experimental sample (air hole defects are most common in heat shield, so we only focus on this type). The heat shield was composed of the thermal insulation composite material, photosensitive resin, and insulation pad [shown in Fig. 3(e) ]. The photosensitive resin with holes by 3-D printed was used to simulate a defective cement layer, and its thickness was 0.2 mm. The diameter of the holes in the resin was, respectively, 3 mm, 5 mm, 7 mm, 9 mm, 11 mm, and 13 mm. The heat shield of the sandwich structure, as shown in Fig. 3(e) , was placed on the reflecting platform, the THz FMCW probe scanned which point by point in XY plane. (Because the outgoing light is a Gaussian beam, and its waist diameter is 1 mm, the step length is 1 mm, to avoid light spot overlap according to the Rayleigh criterion.) Therefore, the Z direction of each point was acquired, and the experimental data collection is basically completed. 
Results and Discussion
Using CWT to process THz FMCW signal of composite materials and comparing the effect of three wavelet basis functions is our most important job. In order to verify it clearly, we make a plan that includes following steps: First, we pick out two points from the good part and defect part to compare the differences of their longitudinal signal. Then, we use CWT to process any part to verify its effect on processing the THz signal. Next, we use CWT with three different wavelet basis functions to process the defect part and good part to see this method's effectiveness. The final step is using CWT with three different wavelet basis functions to process all points and comparing their slice pictures, the quantitative results are listed in a table. We will get the conclusion by analyzing the final data. Before analyzing, we make a simple visualization of the slice display shown in Fig. 4 . According to the content shown by the slice image, we select the two feature points A and B along the Z axis to compare the reflection difference of longitudinal signal between the defect part B (air holes) and the good part A (photosensitive resin), which are plotted as curves in Figs. 5(a) and 5(b).
Through the observation of Figs. 5(a) and 5(b) , we could figure out the obvious information in the curve. The location of dashed line 'a' represents the interface between the thermal insulation composite material and the air. The position of dashed line 'b' indicates the interface between the lower surface of the thermal insulation composite material and air holes or the photosensitive resin. The peak represents relatively stronger reflection feature, which is the difference between "A" and "B" at dashed line "b." The location of dashed line "c" indicates the reflecting platform, A and B curve could be regarded the same in this position. There are some weak peaks between the positions of the dashed lines "a" and "b" because of the unevenness of the interior of heat shield or other factors, and there are also some overlaps of the waveform, which may interfere with our identification of the signal at the interface. However, the CWT has a very good ability to distinguish the weak signals from the noise and separate the overlapping waveform. Using CWT could improve the accuracy of our measurements of the waveform at each point.
In order to choose an appropriate scale of the wavelet to analyze this THz signal, the width of the wavelet should be limited to the peak of the signal. According to Fig. 6 , the peaks of the signal that we concerned are not only strengthened but also separated due to the effect of the CWT, and overlapping waveform almost disappears. Therefore, the information of the defects could be clearly identified, and the layer at the interface that we focus on is also easily picked out. Because of the CWT to optimize the waveform of each point, the contrast of the XY slice image has also been improved.
We still take the waveform of A and B as the example to carry out different basis functions. As shown in Fig. 7 , three different wavelet transforms have similar effects on A and B signals. Obviously, after the transformation, the interface is distinguished and the information of the details has been strengthened.
We use the CWT algorithm with three basic functions for all points to construct the three-dimensional volume datasets, therefore, the sliced image at the simulated cemented layer is correspondingly enhanced. In the experiment, the transformed wavelet coefficients normalized to one as the original data, and then we select the layer where the air holes and thermal insulation composite material intersect (position "b") to draw the images. As can be seen from Fig. 8 , after the CWT, the defects in the image are obviously clearer than the original image, and their edge and details are more prominent. We then use some image processing algorithms to calculate the area of defects in each slice image and compare it with the original image to show that the CWT does improve the precision of imaging. The calculation results are shown in Table 1 .
According to Table 1 , the results show that the data processed by the CWT algorithm can effectively enhance the contrast of THz imaging. By comparing the transformed measurement results with the raw data, we find that results calculated by Mexican hat wavelet transformed are closest to the actual size, whose total difference of the six defects is 7.09 and only account for 1.99% of the total area. The other two wavelet functions also improve precision, the total difference of Gaussian function is 27.01, and the area difference rate is 7.58%. The total difference by Morlet function is 17.16 and difference rate is 4.81%. 
Conclusion
In our study, FMCW theory is applied to the THz band to detect the defects inside the heat shield. The experiment confirms that it is effective for THz nondestructive testing of insulating composites, which not only improves the accuracy but also time efficient. Then, the raw data collected by FMCW system are processed by CWT with three wavelet basis functions; after that, the quality of images has been certainly improved. Comparing the results listed in the table, we find that three wavelet basis functions in our paper improve the accuracy of THz imaging, the area difference rate of which respectively reaches to 4.81%, 7.58%, and 1.99%. Among them, the Mexican hat wavelet function performs best in processing THz signals, and because of the difference in expressions, their ability to distinguish the defects of different sizes may be different; it is worth further study in the future works. Therefore, we can summarize that it is a new effective way to improve the accuracy of THz imaging that by combing the FMCW theory and the CWT, and the accuracy can be further improved by changing the wavelet basis function. We believe our method can have widespread applications in THz imaging, not just for the detection of aerospace composite materials, but also in other areas, such as security check and archaeology detection. 
